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We show that particle scattering in general curved backgrounds entails six independent, kinemati-
cal Mandelstam-like invariants, instead of the two in flat spacetime. Spacetime isometries are shown
to lead to constraints between these parameters, so that for standard black holes like Schwarzschild,
Reissner-Nordstro¨m or Kerr spacetimes, the number of independent parameters may be less than six.
We compute the values of these independent parameters very close to the event horizon of the black
holes. We demonstrate the existence of kinematical domains in the parameter space of particle tra-
jectories for which some of the independent invariants may become unbounded above, as the point
of collision approaches the event horizon. For particle scattering, this would imply the possibility of
scattering with very large centre-of-mass energy-squared and/or very large momentum-transfered-
squared, making this astrophysically a laboratory for physics beyond the standard model.
I. INTRODUCTION
The center-of-mass energy for a pair of particles falling towards a Kerr or Reissner-Nordstro¨m (RN) black hole can
become unbounded from above at the horizon ([1], [2], [3] and [4]) for specific ranges of angular momenta or electric
charges of the incident particles. This unboundedness is independent of the Thorne bound [5], [6] (a bound on the
energy of the particle per unit Kerr parameter [7]). These effects hold true for various astrophysical scenarios like in
the presence of the magnetic field [9], [10] and in the context of observability of high energy particles in astrophysical
black hole backgrounds [11]-[15]. It is by now established that the effect of the unboundedness in the center-of-mass
energy in certain kinematical domains are a universal property of classical particle kinematics in the background of
asymptotically flat black holes [2], [16]. The issue of the divergence of the center of mass-energy is also extended to
the collision of the two particles in the background of Sen black hole [17] and higher dimensional Kerr black hole
geometry [18], [19].
In this paper, we consider the prospects of black holes as particle accelerators from a more general standpoint. The
kinematics of two-particle scattering in flat spacetime is characterized by two independent parameters from a linearly
dependent triplet known as the Mandelstam parameters, written as s , t and u. Of these, s is the total squared
center-of-mass energy, and it is the analog of this quantity in curved black hole spacetime whose unboundedness from
above in certain kinematical domains has been discussed extensively in the literature. The question that naturally
arises is: what about the other Mandelstam parameters t and u which are essential for a complete description of
particle scattering in flat spacetime? Do they or do they not diverge in the same kinematical regimes in black hole
backgrounds. Or maybe in other regimes? But preceding this query is the question that in the curved black hole
background, are the possible Mandelstam-like scalars, parametrizing the kinematics of two-particle scattering, only
the ones dealt with in flat spacetime, or are there others? If the latter, then the issue of the unboundedness or
otherwise of the other invariants in kinematical regimes does indeed arise.
We show that in general there are six independent kinematical invariants need to be investigated, instead of
the center-of-mass energy alone. The isometries of the asymptotically flat black hole spacetimes give another two
constraint relations among the six Mandelstam-like invariants. We calculate these invariants for both particle-pairs
propagating along geodesics as well as those which follow non-geodesic paths, for various asymptotically flat black
hole backgrounds. We find that a class of the six invariants can become unbounded in certain kinematical regimes.
In this paper we ignore the back reaction. Whatever values the kimatical parameters take, the background metric
remains the same. We also neglect the effect of the gravitational and electromagnetic fields on any one of the particles
due to the other particle.
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2The paper is structured as follows : section 2 reviews the flat spacetime arguments underlying the Mandelstam
parameters. It is shown how, two-particle scattering in an arbitrary curved spacetime must entail a larger set of
kinematical invariants. In the next section these invariants are computed for the scattering of two neutral charged for
spherically symmetric black hole spacetimes (Schwarzschid and Reissner-Nordstro¨m), and their possible unbounded-
ness demonstrated to the existence of a sharp asymmetry between the geodetically conserved energies of the particles.
Section 4 considers charged particle scattering in a Reissner-Nordstro¨m black hole background, and the possibility of
unboundedness of the kinematical invariants is shown to occur, for generic energies, angular momenta and charges,
when a certain condition is imposed relating the parameters. This excerise is repeated for particle scattering in Kerr
black hole backgrounds in section 5, and charged particle scattering in Kerr-Newman black hole backgrounds, leading
to a general criterion for the possible unboundedness of the kinematical invariants in particle scattering very close to
the horizon of black hole spacetimes. We conclude in section 6.
II. INDEPENDENT INVARIANTS FOR TWO-PARTICLE SCATTERING IN CURVED SPACETIME
Let us consider 2-to-2 particles scattering in a general curved spacetime. The kinematical properties of this collision
are characterized by the 4-momenta of incoming and outgoing particles. Thus the scattering cross section σ1,2→3,4
is function of the four 4-momenta, i.e. of sixteen variables. The cross section, σ1,2→3,4 should be a frame invariant
quantity, therefore it must be a function of scalar products of the four-momenta. Hence, the number of variables to
characterize collision depends on ten scalars in four dimensional spacetime.
Neglecting the back reaction, the action for a particle of rest mass m in a spacetime with metric gµν is given by, in
the units c = 1;
S = (−m)
∫ Q
P
√
gµνdxµdxν = (−m)
∫ τQ
τP
√
gµνuµuνdτ (1)
where uµ is the four velocity and the particle goes from P to Q in four dimensional spacetime with proper time τ .
Let us denote four vectors by boldface capital letters and components by small-case letters with Greek superscripts
and subscripts. The canonical 4-momentum corresponding to (1) is given by,
pµ = muµ (2)
so that, the energy-momentum dispersion relation for a free particle in curved spacetime is
p2 = pµp
µ = m2gµνu
µuν = m2 (3)
as, gµνu
µuν = 1 for timelike geodesic particle in the natural unit system. Eq. (3) is valid for each of the four particles,
so it gives further four scalar constraints on the cross section σ1,2→3,4. The number of independent kinematic invariants
thus reduces and becomes six.
Until this point, the argument for the number of independent invariants is the same as in Minkowski spacetime.
However, in Minkowski spacetime, one can invoke spacetime translational symmetry corresponding to an arbitrary
constant shift of the spacetime origin. The conserved No¨ther charges corresponding to this symmetry are the total
four-momenta ptot ⇒ p1 + p2 = p3 + p4. This corresponds to 4 additional constraints which cut-down the number
of independent invariants to characterize two-particle scattering in flat spacetime to two.
However, such a global spacetime translational symmetry in full generality is absent in a curved spacetime. So
the additional argument to reduce the number of independent invariants characterizing two-particle scattering to
two, from six, is missing. Thus, in a general curved spacetime, we are left with the six invariants mentioned above.
Depending on the isometries of a particular spacetime, there may be additional conserved quantities corresponding
to geodesic propagation, reducing thus the number of independent invariants further. Hence p(1)+p(2) 6= p(3)+p(4),
and the number of independent invariants on which the scattering cross-section depends is in general six.
Let’s define these six parameters as:
sij = (p(i) + η p(j))
2 i, j = 1, 2, 3, 4; i < j (4)
In the channel where 1,2 are colliding and 3,4 are being produced, η = +1 for i = 1, j = 2 and i = 3, j = 4
and, = −1 otherwise.
We say these independent parameters to be six Mandelstam like scalars as in flat spacetime s12, s13 & s14 become
equals to s34, s24 & s23 and gives Mandelstam variables s,t & u respectively [20]. In an arbitrarily curved spacetime,
s12 and s34 give the center of mass-energy in the CM frame of 1, 2 and 3, 4 respectively (Due to lack of 4-momentum
3conservation, these two frames are different and hence these two invariants are not identical). Similarly, s13 and s14
refer to the momentum transfer and cross-momentum transfer in the CM frame of 1, 2 and s24 and s23 give the
momentum transfer and cross-momentum transfer in the CM frame of 3,4.
For spacetime with isometries (like asymptotically flat Schwarzschild, Reissner Nordstro¨m or Kerr black hole),
additional constraint relations are imposed. This further reduces the number of independent kinematical parameters.
In the next stage, we explicitly see the mentioned reduction and calculate the relevant kinematical invariants for
several asymptotically flat black hole spacetimes. We show indeed some cases lead to kinematical unboundedness.
III. NEUTRAL PARTICLE SCATTERING IN THE SPHERICAL SYMMETRIC BACKGROUND
The metric of any spherically symmetric spacetime in the metric convention (+1,-1,-1,-1) is given by,
ds2 = f(r)dt2 − g(r)dr2 − r2(dθ2 + sin2θdφ2) (5)
where, f(r) and g(r) are positive functions. The four velocity of a particle in the equatorial plane of the metric (5)
is found by integrating the geodesic equation once.
dt
dτ
= f−1E,
dr
dτ
=
√
f−1g−1E2 −
(
1 +
L2
r2
)
g−1, θ = pi/2,
dφ
dτ
=
L
r2
(6)
E and L are the geodesic constants -energy and angular momentum per unit rest mass of the particle. So the
four-momentum of the ith particle is:
P(i) = m(u
t
(i), u
r
(i), u
θ
(i), u
φ
(i)) = m
(
f−1E(i),
√
f−1g−1E2(i) −
(
1 +
L2(i)
r2
)
g−1, 0,
L(i)
r2
)
i = 1, 2, 3, 4 (7)
where we assume the produced particles to follow timelike geodesics and the rest masses of all four particles are same.
The metric (5), allows two Killing vectors corresponding to t and φ which leads to conservation of E & L ⇒
E(1) + E(2) = E(3) + E(4) and L(1) + L(2) = L(3) + L(4). This two relations give another two constraints on the six
Mandelstam-like invariants and reduces the number of independent invariants to four for this particular background
spacetime. We are also considering collision in a particular plane (precisely, the equatorial plane) and thus pθ
component of the four-momenta of the particles is always conserved (pθ(1) + p
θ
(2) = p
θ
(3) + p
θ
(4)). Hence, for this
particular kind of collision, the number of independent Mandelstam-like invariants comes out to be three. We evaluate
all of the six invariants here keeping in mind that only three of them are actually independent.
For a point collision, the metric and all of the four-momenta of four particles are function of same radial coordinate
r and the six Mandelstam like scalars are given by,
sij = (p(i) + ηp(j))
2 = p2(i) + p
2
(j) + 2 η p(i).p(j) = 2m
2(1 + η gµν u
µ
(i) u
ν
(j))
as by (3), p2(i) = m
2. For the spherically symmetric metric given in (5), the six scalars at the radial coordinate r are
as follows:
sij
2m2
=
fr2 + η [E(i)E(j)r
2 −
√
E2(i)r
2 − fr2 − L2(i)f
√
E2(j)r
2 − fr2 − L2(j)f − L(i)L(j)f ]
fr2
(8)
For a spherical distribution of matter with diagonal Tµν satisfying Ttt = Trr (it can be zero also) gives-
g = f−1 (9)
For (9), the spacetime allows a black hole horizon i.e. for some non zero r, f(r) is zero. For some cases, metric
allows two horizons spacetime also but we restrict ourselves only to the outer horizon. In this case, the expression is
indeterminate and so we take the appropriate limit.
At the horizon of a non-extremal black hole, f = 0 but f ′ 6= 0. The limit f → 0 with f ′ 6= 0 gives,
sij
2m2
|Horizon = 1 + η
2
[
E(i)
E(j)
(
1 +
L2(j)
r2H
)
+
E(j)
E(i)
(
1 +
L2(i)
r2H
)
− 2L(i)L(j)
r2H
]
(10)
4where, r = rH gives the horizon, i.e. f(rH) = 0. For the Schwarzschild and Reissner-Nordstro¨m black holes rH
is given by 2M and M +
√
M2 −Q2 respectively (M is the mass of both black holes and Q is the charge of the
Reissner-Nordstro¨m black hole).
For extremal black hole both f and f ′ appearing in metric (5) are zero at the horizon. We take the horizon limit
f → 0 first then put the extremality condition, f ′ → 0 in the expression (8). Taking these limits, six Mandelstam like
scalars at the horizon of the spherical symmetric extremal black hole turns out to be same as (10). Now the extremal
limit is realised as M = Q and the horizon is changed to rH =M = Q in case of Reissner Nordstro¨m black hole.
The quantity in (10) can indeed be made very large in the kinematical domain where |E(i)| >> |E(j)|, or vice versa,
i.e. under the condition that one particle has a far higher energy compared to the other at asymptotpia within an
asymptotically flat spacetime. It is the energy asymmetry between the particles in the far past, which might lead to
very large kinematical invariants near the horizon.
For the particles colliding with their rest mass energy (mc2) and angular momenta L(1) = 4GM/c, L(2) = −4GM/c
at the horizon of the Schwarzschild black hole with mass M = 1, s12 or center of mass energy squared comes out to
be 20(mc2)2 which is in agreement with [1].
IV. CHARGED PARTICLES IN THE SPHERICAL SYMMETRIC SPACETIME
The eqn (5) above gives the general metric of the spherically symmetric spacetime in the (t, r, θ, φ) basis. The
particles being charged experience a pull by the electromagnetic field apart from the gravitation. The action for a
charged particle of mass m and charge e in the spacetime with metric gµν and four potential A
µ is (in the unit c = 1):
S = (−m)
∫ B
A
√
gµνdxµdxν − e
∫ B
A
gµνA
µdxν (11)
Extremisation of the (11) gives:
duµ
dτ
+ Γµνλu
νuλ =
e
m
Fµν u
ν (12)
(12) can be integrated for a spacetime having metric (5) and the electromagnetic field produced by a static charge Q,
to get the four-momenta of the timelike test charge moving in the equatorial plane:
dt
dτ
= f−1(E − eQ
r
),
dr
dτ
=
√
f−1g−1(E − eQ
r
)2 − (1 + L
2
r2
)g−1,
dθ
dτ
= 0,
dφ
dτ
=
L
r2
(13)
where E and L are constants along the trajectory and they are interpreted as energy and angular momentum per
unit test mass.
The t and φ symmetry of the Lagrangian corresponding to the action (11) with the metric (5) guarantees conser-
vation of E and L i.e., E(1) + E(2) = E(3) + E(4) and L(1) + L(2) = L(3) + L(4). The collision of the particles in a
particular plane (equatorial plane), gives one further constraint- pθ(1) + p
θ
(2) = p
θ
(3) + p
θ
(4). All of these together the
number of independent Mandelstam-like invariants reduces to three like the case of neutral particle scattering. The
charge conservation is assumed to be valid here, so it does not affect the number of independent parameters.
The six scalars (among which only three are independent) are calculated to be:
sij
2m2
= 1 +
η
f
[
E(i)E(j) −
√
E2(i) − f
(
1 +
L2(i)
r2
)√
E2(j) − f
(
1 +
L2(j)
r2
)
− L(i)L(j)f
r2
]
(14)
where, E(i) = E(i) − e(i)Qr .
For T tt = T
r
r =
Q2
8pir4 , (5) allows a two horizons R.N. black hole solution having f = g
−1 = 1 − 2M
r
+ Q
2
r2
and the
outer horizon is located at rH = M +
√
M2 −Q2. Expression (14) is in the zero by zero form at r = rH and the
limit exists. The limit f → 0 with non-extremality condition (f ′ 6= 0) gives the expression of sij at the horizon of the
non-extremal R.N. black hole:
sij
2m2
|Hor,Non−Ext = 1 + η
2
[
E(i)(rH)
E(j)(rH)
(
1 +
L2(j)
r2H
)
+
E(j)(rH)
E(i)(rH)
(
1 +
L2(i)
r2H
)
− 2L(i)L(j)
r2H
]
(15)
5with rH = M +
√
M2 −Q2 & E(i)(rH) = E(i) − e(i)QrH . For L(1) = L(2) = 0 (radial motion), s12 reduces to the
expression given in [2].
If we take the extremal limit (f ′ → 0) after taking the horizon limit (f → 0) six scalars are found to be same as
(15) but with rH = M = Q.
Both for non-extremal and extremal black holes, sij grows without any bound for a sharp kinematical asymmetry
like |E(i)(rH)| >> |E(j)(rH)|, for generic values of E and Q. Notice that, if E(j)(rH) = 0, which may happen
without E(i) being too large or small, but by simply relating E(i) to e(i)Q, for generic values of all parameters, some
invariants may become unbounded above. This is the limit when the rest energy of any particle is exactly equal to
the electrostatic potential energy at the horizon. Thus by choosing a proper kinematical regime e(i) =
E(i)rH
Q
some
kinematical invariants can be made unbounded above.
V. PARTICLE SCATTERING IN KERR SPACETIME
Kerr spacetime does not have any electromagnetic potential; particles interact only gravitationally in this spacetime.
So the analysis is valid for both neutral and charged particles.
We choose the mass scale here; all quantities are given in the M = 1 unit. The metric of the Kerr manifold of spin
parameter a is:
ds2 =
(
1− 2r
Σ
)
dt2 +
(
4arSin2θ
Σ
)
dtdφ −
(
Σ
∆
)
dr2 − Σdθ2 −
(
r2 + a2 +
2a2rSin2θ
Σ
)
sin2θdφ2 (16)
where ∆ = r2 + a2 − 2r and Σ = r2 + a2cos2θ.
We restrict ourselves to the particles moving in the equatorial plane (θ = pi2 ) only. Geodesic equations corresponding
to Eq. (16) is exactly integrated to get the four momenta [1], [21]:
dt
dτ
= − 1
r2
[
a(aE−L)+ (r
2 + a2)T
∆
]
,
dr
dτ
=
1
r2
√
T 2 −∆(r2 + (L− aE)2), dθ
dτ
= 0,
dφ
dτ
= − 1
r2
[
(aE−L)+ aT
∆
]
(17)
Where T = E(r2 + a2)−La and E, L are the geodesic constants- energy and angular momentum per unit test mass.
Like the spherically symmetric spacetime, all of the six scalars are not independent here. The stationarity and
φ independence of the metric coefficient guarantees conservation of E and L i.e, E(1) + E(2) = E(3) + E(4) and
L(1) + L(2) = L(3) + L(4) for the scattering 1 + 2 → 3 + 4. The collision is restricted in the equatorial plane (θ is pi2
for all of the particles). Together all, only three among six scalars are independent for the collision of the particles in
the equatorial plane of the Kerr spacetime.
At any point in the equatorial plane during the geodesic motion, the six scalars appear to be,
sij
2m2
= 1 +
η
r (a2 + (r − 2)r) (−
√
a2
(
E2(i)(r + 2)− r
)
− 4aE(i)L(i) + r2
((
E2(i) − 1
)
r + 2
)
− L2(i)(r − 2) (18)
√
a2
(
E2(j)(r + 2)− r
)
− 4aE(j)L(j) + r2
((
E2(j) − 1
)
r + 2
)
− L2(j)(r − 2) + a2E(i)E(j)r + 2a2E(i)E(j)
−2aE(i)L(j) − 2aE(j)L(i) + E(i)E(j)r3 − L(i)L(j)r + 2L(i)L(j))
At the horizon, r = rH = 1 +
√
1− a2 and Eq. (18) is in zero by zero form. Assuming non-extremality of the Kerr
manifold (a 6= 0) the horizon limit reduces Eq. (18) to, (ΩH = ar2
H
+a2
and E(i) = E(i) − ΩHL(i); the effective energy
of the particle in the Kerr spacetime)
sij
2m2
|Hor,Non−Ext = 2 + η
2
[ E(i)
E(j)
(
1 +
L2(j)
4
)
+
E(j)
E(i)
(
1 +
L2(i)
4
)
−
(
2 +
L(i)L(j)
2
)]
(19)
The expression for s12 has already been derived in ref. [8]. The expression (19) is very much similar to that of the
charged particle in Reissner-Nordstro¨m spacetime (15) except by an additional factor of 2 in the last term of (19).
This is due to the presence of the cross term in the metric of the Kerr spacetime.
For an extremal Kerr manifold (a = 1), Eq. (19) is also in zero by zero form. So the introduction of extremality
after taking the horizon limit gives the possibility to take another limit a→ 1 which gives,
sij
2m2
|Hor,Ext = 2 + η
2
[ E(i)
E(j)
(
1 +
L2(j)
4
)
+
E(j)
E(i)
(
1 +
L2(i)
4
)
−
(
2 +
L(i)L(j)
2
)]
(20)
6Like the charged particle in Reissner Nordstro¨m, here also expressions (19) and (20) suggest kinematical unbound-
edness of some invariants for the sharp kinematical asymmetry |E(i)| >> |E(j)|, for generic values of the parameters
of the particles and spacetime, viz., E , Ω , L. This can be easily achieved, for instance, by setting E(j) = 0 i.e., by
tuning the angular momentum of the particle, L(j) =
E(j)
ΩH
, without any parameter actually becoming unnaturally
high. It is the limit when the energy of the particle becomes equal to the frame dragging rotational energy of the
particle.
VI. CHARGED PARTICLE SCATTERING IN KERR-NEWMAN BLACK HOLE SPACETIME
The metric of the Kerr-Newman spacetime is same as Kerr spacetime 16 except the fact that now ∆ = r2+ a2− 2r
is modified to r2 + a2 − 2r +Q2 (Q is the charge of the spacetime and the mass scale is chosen). First, note that we
are interested in the equatorial scattering only and the metric has stationarity and polar symmetry. Like before this
reduces the number of independent Mandelstam invariants to three.
For the neutral particle collision at the outer horizon of the Kerr-Newman black hole the invariants are given by
(19) and (20) with the same divergence condition as mentioned in the last section except for now the radius of the
outer horizon gets modified to rH = 1 +
√
1−Q2 − a2 and the condition for the extremality becomes, Q2 + a2 = 1.
In the Reissner-Nordstro¨m background the neutral to charged particle transition is realised via the replacement
E(i) → E(i) as evident from the expressions of the invariants (10)& (15). Following the same logic, the expression of
the kinematical scalars for the charged particle scattering in the Kerr-Newman spacetime is obtained replacing E(i)
by E(i) → E(i) − e(i)Qr in (19) and (20) (e(i)=charge of the ith particle). Apart from this Kerr Newman spacetime
possesses magnetic vector potential Aφ [22]. Magnetic vector potential at the horizon of the Kerr Newman black hole
is calculated to be Aφ =
Qa
rH
[23]. Due to the presence of magnetic vector potential the angular momentum of the
particle changes as L(i) − e(i)m Aφ-
sij
2m2
= 2+
η
2
[ E(i)
E(j)
(
1+
(L(j) − e(j)m Aφ)2
4
)
+
E(j)
E(i)
(
1+
(L(i) − e(i)m Aφ)2
4
)
−
(
2+
(L(i) − e(i)m Aφ)(L(j) −
e(j)
m
Aφ)
2
)]
(21)
E(i) = E(i) − ΩHL(i) − e(i)QrH and ΩH = ar2H+a2 .
For the extremal Kerr-Newman black hole, six scalars are given by the same (21) with the constraint Q2 + a2 = 1
and rH = 1.
Just as in every case considered before, the sharp kinematical asymmetry |E(j)| >> |E(i)| leads to some invariants
becoming unbounded above. A way to achieve this is to set E(i) = 0 keeping E(j) non-zero, for generic values of the
particle and spacetime parameters. This implies a tuning of asymptotic energy of the particle E(i) = ΩHL(i) − e(i)QrH .
VII. CONCLUSION
The main aim of this paper has been to show that a total of six kinematical invariants are needed to characterize
a collision of two particles kinematically, in a general curved spacetime. Isometries in the spacetime may reduce the
number of independent invariants to less than six, depending on the nature of the spacetime. Only three scalars among
six are independent for equatorial particle scattering in asymptotically flat Schwarzschild, Reissner-Nordstro¨m, Kerr
and Kerr-Newman stationary black hole backgrounds. The kinematical scalars are functions of the effective energies of
the colliding particles at the horizon of the above mentioned black holes, expressed in terms of a specific combination of
parameters of the particle trajectory and the black hole spacetime. A sharp asymmetry between the effective energies
between any pair of particles results in unboundedness above of the corresponding invariant. As expected from the
CM energy result [1]-[4], for charged particle scattering in Reissner-Nordstro¨m and Kerr-Newman horizon and for any
general particle collision in Kerr horizon the divergence can be achieved either by tuning charge (e(i) =
E(i)rH
Q
in case
of RN & E(i) = ΩHL(i) +
e(i)Q
rH
in case of KN) or by tuning angular momentum (L(i) =
E(i)
ΩH
in case of Kerr), for
generic values of the spacetime and particle parameters.
The result presented here is generic and ready for the application in astrophysical black holes. The unboundedness
in the kinematical invariants can be interpreted as the high center of mass energy and/or high momentum transfer
among the particles. This opens up the possibility to astrophysically check the physics beyond standard model.
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